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Two opposite conclusions are known on the symmetry of the vector coupling coefficients
(VCCs), amn and bp,y, in the restricted open-shell Hartree—Fock (ROHF) method. The first
one states that the VCCs are symmetric for all spectroscopic terms, i.€., amn = anm and
bmn = bpm. AN opposing statement is that the “non-Roothaan” terms, arising from the
degenerate open-shell electronic configuration v, can be characterized by non-symmetric
VCCs matrices only: ||amn|| # ||@nm, ||bmn|l # ||bam||. This article presents a detailed
anaysis of the VCCs symmetry problem. A general approach to the VCCs determination
has been developed leading to non-symmetric VCCs for vV systems with dim~ > 3. The
main purpose of this work is to eliminate the contradiction arising in the ROHF theory when
the latter is applied to highly symmetric open-shell molecules and atoms.

1. Introduction

In the restricted open-shell Hartree—Fock (ROHF) method [1-5], one starts from
the following expression for energy functional:

Eronr =2 fiHi+» > fifiRaijJij — bi; Kyj), (L1

where a;; and b;; are non-variable coefficients, characterizing the state under consider-
ation, usualy called the “vector coupling coefficients’ (VCCs) [6]; f; is the fractional
occupation number of one-electron orbital ¢;; H;;, J;; and K;; are the usual core,
Coulomb and exchange integrals, respectively.

Application of the variational principle to the expression (1.1) with the additional
orthonormality conditions

(9ilpj) = bij (1.2)
leads to the Euler equations [2]

Fi|pi) = Z |#5)05i, (1.339)
J
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0i =055, (1.3b)

where §;; is the Lagrangian multiplier, and F; is the Fock operator [4,5]
Fi= i <h + ) fi(2aid; — binj)> (1.4)
J

expressed in terms of the Hermitian one-electron h, Coulomb J; and exchange K
operators [1].

In this paper we consider the particular case of equations (1.1) and (1.4),
corresponding to a state of the degenerate open-shell eectronic configuration v
(v = p,d,... for aoms, and v = ¢,t,g,h for non-linear molecules). For this case,
equation (1.1) can be written as

EroHr = E(25+lr- ’YN) =E. + fz Z Z(Zamnjmn - bmnKmn)v (15)

where 25T is the state under consideration; f = N/(2dim+); dim~ is the dimension
of the irreducible representation ~, and the term E,. (Fret) is the same for all states of
a configuration v [1]:

E, = 22 Hyp, + Z Z(ZJM — Ky)
k ko1
+2f ( > Hpm + > > (2Tkm — Kkm)> (16)
m k m

(m,n are the indices for the open-shell orbitas; &, are for the closed-shell ones, and
1,j are for orbitals of either set).
The expression (1.4) for the open-shell Fock operator reads

Fn=1f <h +2J. - K.+ f Z(Zamnjn - bmnKn)>, (17)

where J, = >, Jp and K. =Y, K.
The coefficients a,,, and b,,,, entering equations (1.5) and (1.7), are sup-
posed [5-8] to form the symmetric matrices

OUmn = Gnm, bmn = bnm (18)

This supposition is based on the expression for energy functional (1.5). Since the
Coulomb and exchange integrals are symmetric (Jy, = Jpm and Ko = Kom),
the coefficients a,,,, and b,,,,, in equation (1.5) can be derived in symmetric form as
well [5].

On the other hand, two expressions under consideration, equations (1.5) and (1.7),
are essentialy different from the viewpoint of the coupling coefficients symmetry. In
contrast to equation (1.5), the expression for the Fock operator (equation (1.7)) is
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asymmetric with respect to the repositioning of the coefficients a,,,,, and ay,, and aso
for by, and by,.

Such a VCCs asymmetry of the Fock operators was found to be responsible for
the somewhat paradoxical results [9,10]. According to the latter works, several states
arising from the atomic configurations d” and pMd" (V = 1-9, M = 1-5), can be
characterized by non-symmetric VCCs matrices only:

v bl # loam - (L9)

This conclusion follows from the analysis of the symmetry restrictions, to which
the coefficients of both equations (1.5) and (1.7) must satisfy in the cases under con-
sideration [9,10]. For dV atoms, this conclusion was confirmed by the results of the
ROHF calculations. By comparing the two sets of the ROHF results derived with
non-symmetric VCCs of [9] and previoudly published symmetric VCCs [11], respec-
tively, with the reference results derived by the Roothaan—Bagus atomic “expansion
method” [12] we unambiguously show the validity of non-symmetric VCCs only [9]
(see aso the discussion below).

In [13-15] we found that the VCCs asymmetry (equation (1.9)) arises for the
most highly symmetric open-shell systems with configuration V. For systems with
dim~ < 3, such as the structures of cubic symmetry (T4, 0, 0,) with eectronic config-
uration tV (N = 1-5), the use of both symmetric and non-symmetric VCCs leads to
identical ROHF results [13]. For more complex "V systems with dim~ > 3, exam-
ples of which are the icosahedral symmetry structures (1, Ip) with configurations gV
(dimg = 4) or " (dimh = 5), the situation is similar to that as for d" atoms. For
several (3511, g") and (23511, hN) sates, only non-symmetric VCCs are found to
satisfy al necessary symmetry restrictions [14,15].

HamnH 75 ||anm

The latter result explains the difficulties which arise in the ROHF calculations
on open-shell fullerenes and their metal complexes of icosahedral symmetry. Accord-
ing to [16,17], many open-shell states of such structures cannot be calculated by the
existing ROHF method (based on the use of symmetric VCCs only).

However, before using the non-symmetric VCCs in routine calculations, one
should overcome the contradiction arising in the ROHF theory while introducing
the VCCs. As follows from [5,8], the use of non-symmetric VCCs, in itself, comes
into conflict with the Euler equations (1.3). The Fock operators of equation (1.7)
constructed with non-symmetric VCCs cannot be derived straightforwardly from the
initiad energy functional of equation (1.1).

This paper presents the detailed analysis of the VCCs symmetry problem. Sec-
tion 2 gives areview of the ROHF theory for highly symmetric open-shell vV systems.
In section 3 we show the necessity for the VCCs of equations (1.5), (1.7) to be sym-
metric and discuss in more detail the arising contradiction.

In sections 4 and 5 we reanalyze the symmetry restrictions that the vV state
VCCs, ay,y, and b,,,, must satisfy, and derive the complete set of equations for de-
termining the VCCs. For several vV states with dim~ > 3, new equations give the
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non-symmetric VCCs only. A testing of the theory developed is given in section 6 in
the example of d" atoms. Finally, in section 7, we prove the equivalency of the Fock
operators constructed with different VCCs sets (both symmetric and non-symmetric)
that can be derived from new symmetry restrictions.

2. Brief review

Expression (1.1) for the Hartree—Fock open-shell state energy is valid in the most
but not al cases. A more general expression has the form [4,5]

E=>> (wwHw 303 ﬁij,kl(ij|kl>>a 2.1
T g k1
where

(ijlkl) = / (D)o, (1)T—L¢>;;(2)¢l (2 dvi dv (22)

and w;;, B;;,1 are coefficients, characterizing the state under consideration. (In equa-
tions (2.1) and (2.2), the indices i, j, k, [ refer to al occupied orbitals.)

Expression (2.1) stems from the general definition of the ROHF state energy [1],
which can be written as follows:

1 ~
E(*T) = G T ;<l4J(S,MS,F,Fr)|H]qJ(S,MS,F,Fr)>, (2.3)
where W(S, Mg, I, T,) is the multielectron wave function of the correct spin (S, M)
and spatial (I',I",.) symmetry; I, is the row of the degenerate irreducible representa-
tion . In the case of an atom, the I and I, characteristics are substituted by quantum
numbers L and M, (total angular momentum and its projection), respectively.

Expression (2.3) corresponds to the Roothaan's definition of state energy as “the
average expectation value for al the degenerate total wave functions of the state
under consideration” [1]. (An additional averaging over Mg in equation (2.3) is not
necessary.)

Equation (2.1) gives a general expression for energy, valid in both monocon-
figurational (Hartree—Fock) and multiconfigurational approaches [4,5]. In the former,
expression (2.1) is not used in practice since for most open-shell systems it can be
presented in more ssimple form of equation (1.1). Such arepresentation of energy leads
to the essential simplification of the ROHF variational equations [2,4] and makes the
practica computations much easier [5,8]. The methods for reducing equation (2.1) to
eguation (1.1) are discussed below.

The optimum orbitals {¢;} which minimize the energy of equation (1.1) can be
found by the direct solving of the Euler equation (1.3) [18,19]. In an equivalent but
more general approach developed in [1-5], the orbitals to be found are the eigenfunc-
tions of the Hartree-Fock equation

R|¢;) = €| i), (2.4)
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where R is the unified SCF coupling operator. For the first time, an equation of
type (2.4) was derived by Roothaan [1] for the states, where energy can be expressed
by equation (1.5) with

Qmn, = @, bmn = b. (2.5)

General expressions for the Hermitian R operator, corresponding to the energy func-
tiona (1.1), were derived in [2—6]. Hereinafter, we use the expression for the operator
R derived in [3,4]:

R=Y" ((I — p)Eip' + P Fy(I — p) + piFipi) + N Ngpl (F — Fy)p', (26)
i i
where \;; = —)\;; are arbitrary non-zero numbers, F; is the Fock operator of equa-
tion (1.4), and

P’ = |¢i) (¢

. p= Z P 2.7)

are the projection operators.

When solving the Euler equation (1.3), or the equivalent Hartree-Fock equa-
tion (2.4), one faces the known difficulty [1-3]. The Lagrangian multipliers in egua-
tion (1.3) must be Hermitian, i.e., 6;; —6;; = 0. The latter constraints can be expressed
in the form [2,3]

(05| Fi — Fjloi) = 0, (2.8)

i.e, in the form of the variational conditions among the occupied orbitals. These
conditions are non-trivial only for open-shell systemswith F; # F};, whereas for closed-
shell systems, equations (2.8), (1.3b) assert identically. Inasmuch as equation (1.3a)
expresses the variationa conditions between occupied and virtua orbitals, two Euler
equations (1.3a,b) represent the complete set of variationa conditions [2,3].

As shown in [3], the latter set of conditions is equivalent to that following from
the generalized Brillouin theorem [20]. If the optimum orbitals {¢;} are obtained,
which satisfy the Euler equation (1.3), the off-diagonal Hamiltonian matrix elements
over the wave functions of the ground and one-electron excited states vanish.

In the one operator approach (equations (2.4), (2.6)), the constraints discussed
are incorporated into the expression for the R operator. In the self-consistent limit
(Ri; = di;¢;) the orbitals of equation (2.4) represent the solution of equations (1.3a,b)
as well.

2.1. Coupling coefficients for configuration ¥ with dim~ < 3

From a physical point of view, the VCCs a;; and b;; entering equation (1.1)
and subsequent variational equations (1.3), (1.4), (2.4), are some parameters of the
theory, i.e., some coefficients not defined by basic equations. In genera, these coeffi-
cients can correspond either to a separate spectroscopic term [1,8], or to some average
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energy functionas [17,18,21]. In some approximations, such as the “half-eectron
method” [22], these quantities have well-defined values independent of the system
under consideration.

A usua approach for determining the state VCCs

25+1r), sz _ sz (25+1r) (29)

aij = ai;(
is to somehow represent the initial expression for state energy (equation (2.3)) in the
form of equation (1.1).

Such a representation can be derived either by direct methods (see section 5)
or through the mediation of equation (2.1). For "V systems under study, all terms
in equation (2.1) describing the closed-shell electronic subsystem and the interaction
between the closed-shell and open-shell manifolds, are expressed by equation (1.6) [1].
The difficulty in reducing eguation (2.1) to equation (1.5) arises from the non-vanishing
four-indexed integrals, (mm|nn), over the degenerate open-shell {~} orbitals.

Representation of the latter terms by equation (1.5) is easily obtained for ~
systems with dim~ < 3, such as the pV atoms, or molecular systems with configura-
tions €V and tVV. For such system, the representation (1.5) immediately follows from
equation (2.1) if one uses the degenerate orbitals of the “standard” representation [23].

Degenerate open-shell orbitas {¢,,}, m =1,2,..., dim~, are the eigenfunctions
of the R operator (eguation (2.4)), and are determined within the accuracy up to a
unitary transformation U':

{om} ={om}° x U, (2.10)

where { ¢,,,} ° are the orbitals of the standard representation . The latter orbitals can be
obtained from arbitrary {¢,,} ones by the action of the ") projection operators [23].
The advantage of using the { ¢,,,} ° orbitalsisthat the mgjority of the (mm|nn) integrals
over the { ¢,,,}° orbitals are equal to zero.

In particular, for systems of tetragonal symmetry (Dan, Cay, D2g) With configu-
ration eV, or of cubic symmetry (Tq4,0,0pn) with configuration tV, al the (mm|nn)
integrals over therea {e,,}° or {t,,}° orbitals, apart from the Coulomb and exchange,
vanish [24]:

<mm‘nﬂ> = 6mm6ng=]mn + (6mgémn + 6mn6mg)(1 - 6mm)Kmm (2.11)

(m,m,n,n = 1,2,...,dim~), i.e., there are only three non-zero integras. J,,, =
Inns Imn @A Ky, (M # n). Substitution of equation (2.11) into equation (2.1) gives
the desired representation (1.5) with the coefficients

Amn = ﬁmm,nn/(zfz)y
bmn = (26mnﬁmm,mm - (an,nm + an,mn)) /fz

As indicated above, such an approach is vaid only for " systems with
dim~ < 3. For more complex eectronic configurations, such as dV of an atom, or

(2.12)
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gV (dimg = 4) and h"V (dimh = 5) of icosahedral symmetry systems (I, Iy), the rep-
resentation (2.11) is no longer valid. Some three and four indexed integrals over the
{¢m}° orbitals remain non-zeroth [14,15,25].

The known methods for determining the VCCs of equation (1.5) [5-8,17,18,21,24]
are also vaid for vV states with dim~ < 3 only. For systems with dim~ > 3, these
methods give the VCCs only for states that appear isolated by spin multiplicity, or for
some averaged energy functionals [17,18,21].

A genera approach to determining the VCCs of equation (1.5) [26] valid for any
state of arbitrary configuration v (except for the multiple (double) terms) is presented
in section 5.

2.2. “Non-Roothaan” states

The VCCs a,,,, and b,,,, defined by equation (2.12) correspond to the definite
choice of the degenerate orbitals, i.e., to the{ ¢,,,} ° ones of equation (2.10). In section 5
one shows that the representation (1.5) can also be derived for an arbitrary choice of
the {¢,,} orbitals. The essentia point is that the VCCs a,,,,, and b,,,,, of equation (1.5)
depend on the {¢,,,} orbital basis used [24,27].

The latter dependence can be symbolically written as

Amn = Amn(U), bmn = bmn (U). (2.13)

In the iterative SCF procedure, the matrix U defined by equation (2.10) is an arbitrary
one. Inasmuch as the state VCCs a,,, and b,,, enter variational equations (1.3),
(1.4), (2.4), one must use some special measures to maintain the symmetry of the state
under study in the iterative procedure [24,27]. A usua approach to account for the
VCCs “phase dependence’ (eguation (2.13)) is to fix the { ¢,,}° basis in the iterative
procedure [9,13].

The VCCs phase dependence (2.13) takes place for most but not all states of a
configuration v~. Such a dependence does not arise for vV states characterized by
the two coupling coefficients of equation (2.5) [1]:

Amn, = @, bmn = b.

For al other ~V states, for which equation (2.5) does not assert, one uses the VCCs
matrices, a,,, and b,,,, defined over the degenerate {~} orbitals. In such cases, the
VCCs to be found are dependent on the choice of the degenerate {~} orbitals.

Hereinafter, we shall refer to the states of a configuration ~ characterized by
the VCCs of equation (2.5), as to Roothaan states. All other " ones characterized
by the phase-dependent VCCs matrices of equation (2.13), will be referred to as non-
Roothaan states.

Such a division of the vV states is a natural one in the ROHF theory [9,24] (see
also section 6.1). As an example of such a division, one can consider the states of the
configuration t3, in the O, point symmetry group:

tﬁ.lu(oh) - 3Tlg + 1T2g + 1Eg + lAlg- (2.14)
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These states are divided into two groups, (3Tag, A1) and (*Tog, 1Eg), respectively.
The states of the first group are characterized by the Roothaan's VCCs [24]

a(*Arg) = 3/4, b(*Asg) = O;

2.15
a(’Tig) =15/16,  b(°T1g) = 9/8. (21

Two other states are non-Roothaan ones and are characterized by the VCCs matrices,
ll@mn|l and b,y ||, depending on the choice of the degenerate {t;,} orbitals [24].

If one uses the{ty,}° orbitals of the standard representation, {t1y., tiuy, tw,-} [23],
the VCCs matrices for the 1T,y and 1Ey states under consideration can be expressed
in the form

Amn = 6mna/ + (1 - 6mn)a//- bmn =b (216)
with three independent coefficients, o/, «” and b [24]:

T,y o =9/16, o =15/16, b=3/8,

1€y, o =21/16, o' =12/16, b=9/8. (2.17)

The origin of the coefficients in equations (2.15)—2.17), and the interrelations between
them are shown in figure 1.

Figure 1 shows the relationship between the VCCs for the tV states of cubic
symmetry systems and for the corresponding (parent) atomic p’V states. As follows
from figure 1, the non-Roothaan states of configuration t* are those which originate

1 11 II1
1 N )
Ay } Ia
1
4 4 Eg (9 L Ta
tiu s b2g
Ib L
0] 1
h Tyg ()
3T1g } Ic } ITb

Figure 1. Methods of averaging the energy over the states of the configuration t* in the point group On,

leading to energy expression of the Roothaan type (equation (2.5)): (1) Over the states arising from one

parent atomic state of the configuration p*; the a and b coefficients in the Ei,, Ei;, and Ei. functionas

coincide with the corresponding coefficients [1] for the 'S, 'D and 3P atomic states, respectively; non-

Roothaan states are marked by asterics. (II) Over the states of one multiplicity; corresponding a(Es)

and b(FEs) coefficients are given in equation (2.21). (I11) Average energy of the configuration, Ea,; the
a(Fa) and b(Ea) coefficients are given in equation (2.22).
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from the one parent atomic state (1D, p*) due to the Bethe's splitting [28]. The latter
correspondence can be expressed as

26 (1Eq, t*) + 3E (1T, t*) = 5E('D, p?) (2.18)

or, in form of the relations between the states VCCs [24],
20 (*Eg, t*) + Bamn (1T2g, 1) =5a(*D, p?),
by (*Eg, t4) + Bbyn (1Tog, t*) =56(*D, p*).

These relations are valid for any choice of the degenerate {t,,} orbitals.

The a,,,, and b,,,,, coefficients discussed also satisfy some other relations inherent
in the states of a configuration vV (see figure 1). The first relation can be derived
from the expression for the average multiplet energy, Eg, i.e., the average energy of
the states of one multiplicity

Es=> (E(®**™T) xdimr)/> dimr. (2.20)
r

=

(2.19)

As shown in [24], the average multiplet energy Es of a configuration vV can be
represented by equation (1.5) with the two coupling coefficients of the Roothaan’'s

type:
a(Es,YV) = (N3N — 1) + fN(N — 4) + 4fS(S + 1)) / (N (N? — 4f?))
b(Es, ) = (4f(N — 1) + N(N — 4) + 45(S + 1)) / (N? — 4f?),

where f = N/(2dim~). For the above configurations t}, and p*, the coefficients of
equation (2.21) are as follows: a(Eop) = 27/32, b(Eo) = 9/16, and a(FE1) = 15/16,
b(E1) = 9/8.

The well-known representability of the average energy E, of a configuration vV
by the Roothaan’s VCCs [25,29]

a(Ea,v™) = b(Ea,vY) = (N = 1)/(N - f) (2.22)

follows from equations (2.20), (2.21), if one averages the latter expressions over all
possible values of the spin number S [24].

All the above coupling coefficients, corresponding either to aseparate (>, +V)
state, or to the average values of equations (2.19), (2.21) and (2.22), satisfy the fun-
damental condition [24]

f2<— D bmm +2) > amn> = N(N —1)/2 (2.23)

following from two-particle density normalization for a ¥ system.

In section 5 we show the latter condition is the one of the set of conditions
ensuring the consistency between the two representations for 1V state energy given
by equations (1.5) and (2.3).

(2.21)
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2.3. Non-totally symmetric Fock operators

For a vV state described by the Roothaan one-open-shell SCF theory [1], i.e.,
characterized by the VCCs of equation (2.5), all the Fock operators F,, of equa
tion (1.7) are equa to each other (F,, = Fp) and are totally symmetric. The latter
follows from that the Hermitian Jp and K operators,

o= Ju, Ko=) Ky (2.24)

are totally symmetric [1], i.e., their eigenfunctions belong to the irreducible represen-
tations of the symmetry group under consideration.

As follows from the definition of a totally symmetric operator, its matrix over
the degenerate { ¢,,,} orbitals is a diagonal one with diagona elements equal to each
other. In the case of Jp and Ko operators, the condition of equality of the diagonal
elements, (JO)mm = (JO)mm and (KO)mm = (KO)mmv m # m, is eXpre%j as

Corresponding off-diagonal matrix elements, (Jo),m and (Ko)mm, are equal to zero,
i.e.,

Z(mmmn} =0, Z(mnmm) =0 (m #m). (2.25b)
The latter relations will be used below.

If the state VCCs, a,n, and b,,,, are not equal to each other in the sense of
equation (2.5), the open-shell Fock operators F;,, (equation (1.7)) are non-totally sym-
metric. It follows herefrom, that non-Roothaan states of a configuration vV can be
described by non-totally symmetric Fock operators only.

There is nothing wrong with it from the purely theoretical point of view, since the
Fock operators play some auxiliary part in the ROHF theory (see also section 7). The
totally symmetric operator is the one-electron Hamiltonian R of equation (2.4). From
a practical point of view, however, there arise some inconveniences since those F,,
operators are non-invariant under arbitrary unitary transformation within an open-shell
orbital set.

Such a non-invariance was discussed by Hirao [4], who proposed to use the
totally symmetric Fock £} and projection p' operators, i.e., the operators averaged over
the separate orbitals sets. As shown in [4], the Euler equations (1.3), as well as the
Hartree—Fock equation (2.4), can also be expressed in terms of the F} and p' operators
(see [4, equation (3.8)]).

As a matter of a fact, the approach [4] does not eliminate al the difficulties
arising in the ROHF calculations on highly symmetric structures [16,17]. For the 4V
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systems under consideration, there are two sets of orbitals, closed-shell and open-shell,
spanned by the projection operators

pE=> o)kl 7= |m) (bml (2.26)
k m

and p = p° + p0. The totally symmetric shell-averaged Fock operators Fj of [4] can
be expressed as

Fe=h+2J.— K+ f(2Jo — Ko), (2.279)
Fo= f(h+2J. — K. + f(2a0Jo — boK0)), (2.27b)

where ag and bp are some coefficients. In this meaning, the latter correspond to one
of the Roothaan’'s VCCs sets given by equations (2.15), (2.21) and (2.22).

Thus, for the vV systems under consideration, this approach [4] is equivalent to
the Roothaan’'s one-open-shell ROHF theory [1]. As a consequence, the non-Roothaan
states characterized by the VCCs matrices of a genera form (equations (2.13), (2.16))
are not covered by the method [4].

Such a limitation does not arise in the ROHF theory if one uses the non-totally
symmetric Fock operators. To eliminate the non-invariance of the latter under trans-
formation of the degenerate orbitals, one can either use the fixed { ¢,,}° orbitals ba-
sis [9,13], or introduce the explicit form for the VCCs phase dependence of equa
tion (2.13) into the SCF iterative procedure [26].

The other side of this problem is to satisfy all conditions following from the
requirement for the R operator of equation (2.4) to be totally symmetric. These
conditions are discussed in section 4.

3. TheVCCsasymmetry problem

The most serious difficulty arising in the ROHF theory is connected with the
asymmetry of the VCCs, a,,, and b,,,, for the states of the degenerate open-shell
configuration +V. As pointed out in the introduction, there are two opposite conclu-
sions for this problem (see equations (1.8), (1.9), and corresponding text).

This section presents a simple proof of the supposition [5,8] that the VCCs of
equations (1.1), (1.4) are to be symmetric for al spectroscopic terms:

A;7 = Aj4, bz = bl (31)
J J J J

In the next subsection, we discuss the origin of the VCCs asymmetry and formulate
the main points of the arising contradiction.

The supposition [5,8], itself, has a fundamental basis. The expression for energy
(equation (1.1)), underlying the ROHF theory [1-5], is symmetric with respect to
the repositioning of the coupling coefficients, a;; and a;;, and also for b;; and b;;.
Therefore, al other expressions derived from the energy functional, must also be
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symmetric in this sense. The latter means that the VCCs a;; and b;;, themselves, can
always be symmetric.

The principal question raised is where can the VCCs asymmetry come from?
As shown in [9], the source of the VCCs asymmelry is the expression for the Fock
operator of equation (1.4), which does not possess the necessary symmetry with respect
to the VCCs repositioning.

Taking the latter into account, the authors of [30] have reanalyzed the variationa
procedure (equations (1.1)—(1.4)), leading to the expression for the Fock operator. For
the first variation of the energy, the well-known expression [2] was derived:

SEroHr = 2') _ ((81[; i) + (i|®;]6i)), (3.2)
where @; is the “new” Fock operator defined by the expression [30]
;= f; (h + ) f5(24Ai T — Binj)> (33
J

with the coefficients
Aij = (aij + aji)/Z, Bij = (bZJ + bﬂ)/Z (34)

The Euler equation (1.3), in which the Fock operators F; of equation (1.4) are substi-
tuted by the new ones of equation (3.3), follow from equation (3.2) if one takes into
account the additional orthonormality conditions of eguation (1.2).

Equations (3.3), (3.4) are the basic ones considered when discussing the VCCs
symmetry problem. By definition, the coefficients A;; and B;; are symmetric:

Aij = Aji: Bij = Bji- (35)

It follows herefrom that the usual expression for the Fock operator (equation (1.4)) is
valid if the restrictions of equation (3.1) hold, in accordance with [5,8].

To clarify the latter statement, one can substitute the a;; and b;; coefficients
entering the expression for energy (equation (1.1)) by their symmetric (4;; and B;;)
and antisymmetric

Ay = (aij — a;0)/2, Bj; = (bij — bji)/2 (3.6)
combinations. Substitution of equations (3.4), (3.6) into equation (1.1) gives
EROHF = 22 szm + Z Z fifj(ZAijJij — Binij). (3.7)
A I 7

In terms of the symmetric coefficients A;; and B;;, the expression for the Fock operator
derivative of the energy functional (3.7) is nothing but equation (3.3). If one further
renames the coefficients A;; and B;; in equations (3.3), (3.5) and (3.7) as a;; and b;;,
the initial equations (1.1) and (1.4) are obtained, added by the rigid VCCs symmetry
restrictions of equation (3.1).
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3.1. Comments to the contradiction arisen

The above proof of the VCCs symmetry is a ssmple one and would not deserve
attention if the consequences were not so serious. Equation (3.1) first presented without
proof in [5,8] is in grave contradiction with the results [9,10,13-15] mentioned in the
introduction. Here we briefly recall the latter results and formulate the main points of
this contradiction.

According to [9,14], the non-Roothaan states arising from the electronic config-
urations vV with dim~ > 3 (such as the d" of an atom, or g" and h"V of icosahedral
symmetry systems) cannot be calculated with symmetric VCCs. The correct ROHF
calculation on such states is possible with non-symmetric VCCs only [9,14]. As for
the corresponding Roothaan states, they can be calculated with both symmetric and
non-symmetric VCCs. For more smple systems with dim~ < 3, the symmetric and
non-symmetric VCCs are found to be equivalent for al vV states [13,26].

Taking into account both the above proof of the VCCs symmetry and the results
mentioned, one can formulate the main points of the arising contradiction:

(1) The operators of equations (1.4), (1.7) are the true Fock operators derivative of
energy functiona (equation (1.1)), if the VCCs a,,,,, and b,,,,, are symmetric.

(2) The use of expression (equation (1.7)) with non-symmetric VCCs, as proposed
in [9], actually means that one uses some “pseudo-Fock” operators instead of the
true ones. Those pseudo-Fock operators cannot be derived straightforwardly from
the given expression for energy (equation (1.1)).

(3) The equivalency of symmetric and non-symmetric VCCs for the Roothaan v
states found in calculations [9,13] means the following: the optimum orbitals { ¢;}
derived from variational equations (1.3), (2.4) by using the pseudo-Fock operators
are identical to those derived by using the true Fock operators. Moreover, the
unified coupling operator R of equation (2.4) constructed from either set of the
Fock operators is the same.

(4) For the non-Roothaan vV states with dim~ > 3, the use of only non-symmetric
VCCs makes it possible to maintain the symmetry of the state under study in the
Euler and Hartree—Fock equations [9,14].

The purpose of present article is to give atheoretical substantiation of the results
(3) and (4), first found by numerical calculations. Following this purpose, in the next
sections we use the expression for the Fock operator given by equation (1.7) with no
prior suppositions as to the VCCs symmetry restrictions. The above rigid constraints
of equations (1.8), (3.1) are discussed in a corresponding place after a deriving the
aternative VCCs symmetry restrictions.

4. Totally symmetric unified coupling operator

As pointed out in section 2.3, the requirement for the unified SCF coupling
operator R of equation (2.4) to be totally symmetric has to be satisfied independently
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Table 1
Genera structure of the totally symmetric operator R matrix over the
degenerate non-self-consistent orbitals of the symmetry ~.

Open-shell orbitals Virtual orbitals*®
1 2 ceo Ny M+1 M+2...M+n,

1 Roo 0 Ro, 0

2 ROO RO’U

N~ 0 ROO 0 RO’U
M+1| Rwo 0 Ry 0
M +2 Ryo Ryy
M + N~ 0 Rvo 0 va

& (M + 1) is the number of the first virtual orbital of the symmetry ~;
n, = dim-~.

® Diagonal structure of the off-diagonal matrix blocks is obtained if
the corresponding orbitals of the two sets, ¢.,, and ¢rr+m (Mm =
1,2..., n~), belong to the one row ~,, of the irreducible represen-
tation ~.

of the Fock operators symmetry. In this section we analyze the restrictions on the
N state VCCS, ayy,, and by, Which arise from the requirement for the Hermitian R
operator to be totally symmetric [26].

Table 1 showes the genera structure of the R operator matrix over the degenerate
orbitals of symmetry ~. To simplify the presentation of the matrix, only the open-shell
and virtual orbitals are shown in table 1.

In the first place, we consider the diagonal matrix block ||R,,,| over the open-
shell orbitals { ¢,,}. As pointed out in section 2.3, such a matrix must be the diagona
one with diagonal elements equal to each other. These two conditions can be expressed
as

Bim = Rinm (m # m), (4.2)
R = Ry, =0 (m # m). (4.2)

Using the expression for the R operator (equation (2.6)), the R,,,,, element takes the
form

Ripm = <¢m|R‘¢m> = <¢m‘Fm|¢m>
= f (Hmm + E(Zka - Kkm) + f z(zamnjmn - bmnKmn)) ’ (43)
k n
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where the open-shell Fock operators F,,, are defined by equation (1.7). Substituting
equation (4.3) into equation (4.1) and taking into account the equalities

Hpyym = mm Z(Zka - Kk:m) = Z(ijm - Kkm)1 (4'4)
k k

valid for al degenerate m # m [1], equation (4.1) can be expressed in the form of the
restrictions on the VCCs to be found:

Z(zamnjmn - bmnKmn) = Z(zamn']mn - bmnKmn) (m 7é m) (45)

This equation was first derived in [9] using a somewhat different approach.
The second symmetry condition (equation (4.2)) takes the form

Rmm = Amm<m|Fm - Fm|m> =0 (m#m), (4.29)

where A\, # O (see equation (2.6)). This condition is nothing but the Euler equa-
tion (2.8) expressing the variational conditions among the open-shell orbitals.

For a system with non-degenerate open-shell orbitals, the constraints of equa-
tions (2.8), (4.2a) are satisfied after self-consistence is achieved [2,3]. In the case of
degenerate { ¢,,,} orbitas, equation (4.2a) must assert identically, i.e., for arbitrary non-
self-consistent orbitals.

Off-diagonal matrix element (m|F,,|m) of equation (4.2a) is equa to

(1) Fynlm) = f[z (2(mmlkk) — (mklm))

k

+ 1Y (2amn(mmlnn) — by (mnjnm)) | (4.6)

n

The first sum in equation (4.6) isequal to zero since the operators J. and K, are totally
symmetric (see also equation (2.25b)). Substituting the expressions for the (m| F,,,|m)
and (m|F,|m) eements into equation (4.2a) one derives the second restriction on the
VCCs a,,,, and b,,,,:

Z (2apn (mm|nn) — by, (mn|nm)) = Z (2apn (mm|nn) — by, (mn|nm))

n

(m # m). (4.7)

The constraints of equation (4.28) need further consideration. If the operator F,,,
is totally symmetric, its matrix elements (m|F,,|m) with m # m vanish. Since
(m|F,|m) = Omm, Where 6,,,,,, are the Lagrangian multipliers of equation (1.3), one
obtains

<m|Fm|m> = emm =0. (48)
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Substitution of equation (4.6) into equation (4.8) gives more rigid symmetry restrictions
on the VCCs a,,,,, and b,,,,, than those of equation (4.7):

> (2amn{mm|nn) — by, (mn|nm)) =0 (m # m). (4.9)

n

In the case of non-Roothaan states, the Fock operators F),, are non-totally sym-
metric (see section 2.3). However, the symmetry restrictions of equations (4.8) and
(4.9) are valid in this case as well.

Equation (4.8) expresses the fundamental condition [1] that the Lagrangian multi-
pliers 6,,,,,, of equations (1.3) between the orbitals of different symmetry must be equal
to zero. Therefore, equations (4.8) and (4.9) hold in the case of non-totally symmetric
Fock operators as well. A proof of the latter statement is given below.

Off-diagonal matrix blocks

Similar treatment can be given to the off-diagonal matrix blocks, ||R,m||
and || Ry, where the index v (v = M + 1, M + 2,...,M + n,) enumerates the
virtual orbitals. The latter are supposed to be transformed according to the foot-
note “b” of table 1. (The one-to-one correspondence between the orbitals of the two
sets under consideration is necessary for theoretical analysis only. It does not assume
the virtual orbitals transformation in the ROHF calculation.)

Since the operator R is totally symmetric, the following relationships must assert
identically:

RM"'m’m = RM+m,m = R;kn,M-i-m = *m,M-i-m (m 7é m)’ (4'10)
Rarvmm = ByM+mm = *m,M+m = :n,M+m =0 (m#m). (4.11)
The diagona element of the matrix block || R, || takes the form
RM+m,m = <(M + m)|Fm|m>

=f [HM+m,m + ) (2((M + m)m|kk) — (M +m)k|km))

+ fz (2amn (M + m)m{nn> — bn (M + m)n‘nm>) . (412

According to the Wigner—Eckart theorem [31], the integrals of type ((M + m) -
m|nn) are proportiond to the integrals (mm|nn):

(M + m)m|nn) = C,(mm|nn), (4.13)

where the coefficient C,, is the same for al integrals (mm|nn).

(One can present the simple example where the latter statement is evident. In
case of an atom, the orbitals m and (M + m) have the same angular part, so the C,
coefficient is independent of the angular parts of the degenerate orbitals m, m, n, n.)
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Taking into account equations (4.13) and (4.4), one finds that the symmetry
conditions of equation (4.10) give the same restrictions on the VCCs a,,,, and b,
as the above conditions of equation (4.1) do. These restrictions are expressed by
equation (4.5).

The off-diagonal matrix element of equation (4.11) is equal to

RM—{-m,m = <(M + M)|Fm‘m>

_ f[z (2((M + mym| k) — (M + m)k|km))

k

+ fz (2amn<(M + m)m‘nn> — bmn<(M + m)n‘nm» . (4.14)

Since equation (4.13), the first sum in equation (4.14) vanishes and, therefore, the
second one is also equa to zero. By using equation (4.13) with the second sum, one
derives the above presented symmetry restrictions of equation (4.9).

Similar consideration can be given to the off-diagonal matrix blocks, ||R,.x||
and || Ry, ||, not presented in table 1, between the open-shell and closed-shell orbitals.
No new restrictions on the 4V state VCCs can be derived from such a considera-
tion [26].

Thus, the requirement for the R operator of equation (2.6) to be totally symmet-
ric imposes the two conditions on the non-variable VCCs a,,,,, and b,,,,,, expressed by
equations (4.5) and (4.9). To represent the latter in the form of purely symmetry re-
strictions, one should eliminate from equations (4.5), (4.9) the variable characterigtics,
i.e., the one-electron orbitals to be found.

5. General equations for vV state VCCs

According to the above derivation, equations (4.5) and (4.9) are the restrictions on
the VCCs a,,,,, and b,,,,, to the extent that they enter the expression for the Fock operator
(equation (1.7)). Since no suppositions have been made on the VCCs symmetry, the
restrictions (4.5) and (4.9) are valid for both the true Fock and “pseudo-Fock” operators
(see section 3.1).

Additiona restrictions on the VCCs a,,, and b,,, arise from the requirement
for the vV state energy of equation (1.5) to be related to the basic definition of
equation (2.3).

A straightforward approach for deriving the latter restrictions [26] is based on the
use of the representations for open-shell energy and electron repulsion integrals over
degenerate orbitals in terms of the reduced matrix elements [32,33]. For an atom with
configuration [V (I = p,d,...), the latter elements are the Slater—Condon parameters,
F%(1,1) [25]. For molecular vV systems under study (v = e,t,g,h), corresponding
elements are the molecular invariants, H*(v,~), defined in [14,26].

For completeness, the following presentation of our approach for determining the
+V state VCCs is given in example of d" atoms which provide a way for indepen-
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dent checking [9]. An extension of this approach to molecular vV systems is given
in [26,34].

The ROHF energy of transition-metal atoms can be expressed in terms of the
Slater—Condon parameters, F*(d,d) [25]:

E(ZS-‘rlL'dN) — B, + Zc(k) x F*(d, d), (5.1)
k

where E, is defined by equation (1.6); ¢(*) are fundamental constants, characterizing
the dV state (L, S-multiplet) under consideration, and k = 0, 2, 4.

Two representations for transition-metal atom energy, i.e, equations (5.1)
and (2.3), are equivalent, as they both correspond to the Hartree—-Fock (monoconfigu-
rational) approximation for the multielectron wave function [25,33]. If one supposes
that this energy can also be represented in the desired form of equation (1.5), the VCCs
amn and b,,, to be found should satisfy the condition

fZZZ(Zaanmn - mn mn) Z () X Fk(d d) (52)

where, in this case, the indices m, n enumerate the degenerate open-shell {d} orbitals.

As shown above, the vV state VCCs should also satisfy the two restrictions given
by equations (4.5) and (4.9). These three equations, i.e., equations (4.5), (4.9), (5.2),
give the complete set of equations for determining the VCCs a,,,, and b,,,,, [26].

For representing eguations (4.5), (4.9), (5.2) in the form of purely symmetry
restrictions on the VCCs to be found, one should express all electron repulsion in-
tegras, (mm|nn), over the degenerate {d} orbitals in terms of the reduced matrix
dements [25]:

(mm|nn) =~ a®(m, m,n,n) x F*¥(d,d), (5.3)

where a®(m, m,n,n) with k& = 0,2,4 are the coefficients specific for the integral
and the basis of {d} orbitals under consideration [25]. In the particular case of the
Coulomb and exchange integrals, equation (5.3) takes a usual form

Zp(k) x Fk(d, d), Kon Zq(k) x Fk(d, d), (5.4)

where pgjz% = a(k)(m,m,n,n) and qgizl = a(k)(m,n,n,m). The values of these
coefficients, corresponding to & = 2 and k& = 4, are given in [25] for complex {d}
orbitals and in [35] for real ones. The remaining coefficients, p© and ¢ , have the
same values for any choice of {d} orbitals [25,35]:

pQ =1, O — . (5.5)

qmn
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Most of the integrals in equation (5.3), defined over the {d} orbitals of either
set [25,35], apart from the Coulomb and exchange vanish. For example, in the case
of rea {d} orhitas

{pm} = {d(z%),d(z2),d(y2),d(z? — y?),d(zy)} = {o,7,7,6,8'}, (5.6)
one has the following non-vanishing 3 and 4 indexed integrals [35]:
(o8|n'n"y = —(08|nm) = — (08 |7’y = 2V/3B,
(o7|m6) = —(on'|7'6) = (on|n'8') = (o7’ |x6') = V3B, (5.7)
(6|78 = —(né'|7'6) = 3B,

where B = (9F? — 5F%) /441 is the Racah parameter [36]. In the case of complex {d}
orbitals, al three indexed integrals of type (mm|nn) and (mn|nm), m # m, entering
equation (4.9), vanish [25].

The desired form of the purely symmetry restrictions on the VCCs to be found
is obtained from equations (4.5), (4.9), (5.2), by substituting the representations of
equations (5.3), (5.4). The following equalization of the terms, containing the F°, F?
and F* parameters, respectively, on the left and right hand sides of every equation
gives the desired form.

In the case of equation (5.2), such a procedure gives 3 linear non-uniform equa-
tions:

12 Z Z Zamnp(k) — bmnq%%) = k), (5.9

where k = 0, 2 and 4, respectively, for determining the unknown VCCs a,,,,, and b,
in terms of the known symmetry coefficients p(¥) , ¢) and ).

A similar substitution of equation (5.4) into equation (4.5) gives uniform equa-
tions

Z (Zamnp(k) bmn%(ﬁzl) z (zamnp(k) bmn%(ﬁzz) (5.9)

n n

where m # m and k = 0,2,4. Since the number of independent pairs of indices
(m,m) is equal to 4 (eg., m = 1 and m = 2,3,4,5), the number of independent
equations (5.9) is equa to 12.

Substitution of equation (5.3) into equation (4.9) gives

Z (2amna(k)(m,m,n, n) — bmna(k)(m,n, nm)) =0 (m#m). (5.10)
In this case the number of independent pairs of indices (m,m) isequa to 20 =5 x 4,
since the pairs (m, m) and (m, m) are non-equivalent.

In the particular case of real {d} orbitals (equation (5.6)), the number of equa
tions (5.10) reduces to 2. Those non-vanishing equations correspond to the following
pairs of the indices (m, m):

(m=0o,m=296) Masr — agr)+ (bgx — bgr’) =0 (5.119)
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and
(m =6,m = U): 4(a67r - aéw’) + (b67r - b&w’) =0 (511b)

(see also equation (5.7)). In the case of the complex {d} orbitals [25], equations (5.10)
do not impose any restrictions on the VCCs to be found.

Thus, the (>°1L, dV) state VCCs a,,,, and b,,,,, entering equations (1.5) and (1.7)
have to satisfy the set of symmetry restrictions given by equations (5.8)—(5.10). These
restrictions express the necessary physica requirements and so are valid in all cases,
i.e., regardless of using any other restrictions such as those of equation (1.8).

Comments on equations (5.8)—5.10)

The details in solving equations (5.8)—«5.10) are given in the next section for
both the rea and complex {d} orbitals. Here we point out some general aspects of
these eguations.

1. For both the {d} orbitals basises [25,35], the number or egquations (5.8)—5.10)
is less than the number of unknowns, a,,, and b,,,, equa to 50 = 2 x (5 x 5). This
means that there is the arbitrariness in the choice of the dV state VCCs.

According to [6,24], such an arbitrariness is inherent in the ROHF theory for all
N systems. The simple criterion on the validity of the so-defined VCCs is as fol-
lows [13]: if the set of equations for determining the VCCs is the complete one, i.e.,
involves all the necessary restrictions on the VCCs to be found, the remaining arbitrari-
ness in the choice of the VCCs has no effect on the results of the ROHF calculations.

2. Asfollows from equations (5.8)—5.10), the VCCs a,,,, and b,,,, to be found de-
pend on the choice of {d} orbitals. (The coefficients a*)(m, m, n, n) of equation (5.3)
are specific ones for each {d} orbitals basis.) Such a dependence is the particular case
of general “VCCs phase dependence” expressed by equation (2.13).

3. For any choice of {d} orbitals, the VCCs a,,, and b,,, defined by equa-
tions (5.8)—«(5.10) satisfy the fundamental condition of equation (2.23). For dV states
under study, equation (2.23) immediately follows from equations (5.5) and (5.8) with
k=0, since @ = N(IV — 1)/2 [25].

6. Non-symmetric VCCs for transition-metal atoms

This section presents the different solutions of equations (5.8)—«5.10) and the
results of the ROHF calculations on dV atoms performed with the VCCs found. For
solving equations (5.8)—5.10) we use the specid code designed in integers [26]. Such
a method of solving is possible, as al the coefficients, ¢*), p) and ¢{*) , entering
equations (5.8)—«5.10) are the rational numbers [25,35]. With this method one obtains
the exact solution, i.e., without truncation errors. In the problem under study, the latter
is essential as it permits one to avoid any ambiguity when recognizing the solution,
i.e., either the VCCs a,,,,, and b,,,,, are symmetric or non-symmetric.



B.N. Plakhutin / Coupling coefficients “ symmetry dilemma” 223

6.1. Basis of real {d} orbitals

In the case of real {d} orbitals (equation (5.6)), one can derive the solution of
equations (5.8)—5.10) in the symmetric form of equation (1.8):

Omn = Qpm, bmn = bnmv

for only severa states of the configuration dV. The analysis of equations (5.8) and
(5.9) added by the redtrictions of equation (1.8) shows that the unified set of equa
tions (5.8), (5.9), (1.8) is compatible if and only if the coefficients ¢*) characterizing
the (*+1L,d") state under study satisfy the condition

@ =@ (6.2)

This result stems from a numerical solving as follows. Taking into account equa-
tion (1.8), one has 30 independent unknowns, a,,,, and b,,,, and 15 equations (5.8),
(5.9) for their determination. Let us resolve 12 homogeneous equations (5.9) with
respect to some 12 unknowns. Substitution of this solution into equations (5.8) shows
that the left-hand sides of the two equations (5.8), corresponding to & = 2 and k = 4,
appear to be identical to each other.

The latter result also holds if one first resolves equations (5.9) with respect to 12
arbitrary unknowns, and then imposes the symmetry restrictions of equation (1.8).

In other words, if symmetric VCCs a,,,,, and b,,,,, satisfy equations (5.9), they
also satisfy the equation

Z Z (Zamnpg@)n - bmn%(%)n) = Z Z (Zamnpg)n - bmn‘]g?n) . (62)

In turn, eguation (6.2) together with equation (5.8) leads to the above condition (6.1).
Thus, with symmetric VCCs of equation (1.8) one can calculate only those
(35+1L,dV) states for which @ = . A list of such states and the structure of
symmetric VCCs matrices are presented below.
To gain a better understanding of the crucial restriction (eguation (6.1)), we
consider the states of a configuration d” described by the Roothaan one-open-shell
SCF theory [1], i.e., characterized by the two coupling coefficients of equation (2.5):

Amn = @, byn = b.

Using the same values of the p{¥) and ¢(¥) coefficients [35], one derives from equa-
tions (5.8) and (2.5) the following relations [9]:

A9 = £2(50q — 5b),
P = —630/2b/441, (6.3)
¥ = 6302/ 441.
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It follows herefrom that the dV states described by the Roothaan’s ROHF theory [1]
are those ones for which @ = ¢, The corresponding values of the state VCCs are
obtained from equation (6.3):

a= (29 - 749) /(100f2), b= -79/(10f?). (6.4)

It is easy to show that the VCCs of equation (6.4) also satisfy homogeneous
equations (5.9). The latter follows from the known properties of the coefficients p(*),
and ¢{%) [25,35]:

SpE =>"p 0 > g8 => "B (m#£m). (6.5)

(Relations (6.5) also follow from above equation (2.253).) In a similar way one finds
that the VCCs of equation (6.4) satisfy equation (5.10) (the latter immediately follows
from equation (2.25b)). Thus, the VCCs of equation (6.4) represent the particular
solution of equations (5.8)—(5.10) for the states where (@ = ¢4,

In line with the above terminology (see section 2), the (*+1L,d") multiplets
with @ = ™ are the Roothaan states, since they can be calculated with the VCCs
of type (amn = a, b, = b). Table 2 gives a list of such states along with the
corresponding values of the a and b coefficients.

As shown above, for the states with ¢ = ¢ one can aso derive more general
solutions, i.e., symmetric VCCs matrices, a,,,, and b,,.,. Since the number of the VCCs

Table 2
Coupling coefficients a and b of equation (6.4) for the states of atomic configura-
tions d” described by the Roothaan one-open-shell SCF theory [1].

Configuration, state a b @ = 9 [25]*
d D 0 0 0
& s 0 -5 126/441
d* °D 15/16 30/16 —189/441
& °s 1 2 —315/441
d® °D 35/36 50/36 —315/441
& s 15/16 10/16 —252/441
d D 80/81 80/81 —504/441

*The values of the ¢@ and ¢ coefficients used in the present article differ from
those given by Slater, ¢ and ¢ [25], as the latter correspond to the following
expression for a state energy

E(ZSHL, dN) — B+ @F2 4 9 p*
where F is the average energy of the configuration day [25],
Ba = B, + N(N = 1)(F°/2 = 7(F? + F*) /a41),

and E. is defined by equation (1.6). Comparison of these expressions with
equation (5.1) gives @ = N(NV — 1)/2, @ = & — IN(N — 1)/441, and
D =) —IN(N — 1)/441.
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Table 3
General structure of the matrix b, for the states of the configuration d™ over
the basis of real {d} orbitals* (amn = a = ¢9/(50f2) + 3/10).

o = d(z?) r=dzz) 7 =dyz) §=d@®—y? ¢ =day)

o 3 R R R+3Q R+3Q
- R-3Q 3 R+3Q R+3Q R+3Q
x’ R —3Q R+ 3Q Jo] R+ 3Q R+3Q
§ —2R+6Q+3w B3R—-2v 3R-2w 3 w
& —2R+6Q+3¢do 3R — 2wo 3R — 2w wo ﬂ

*R = 7(5¢? — 12¢9)/(50f%) — 43/10,
Q = 7(=5c¢® + 5¢9) /(505?),
and 3, w and wo are the arbitrary numbers.

to be found is greater than the total number of equations (5.8), (5.9), (5.11), thereisan
infinite number of such solutions. Moreover, one can aso derive hon-symmetric VCCs
of type (equation (1.9)), if the symmetry restrictions of equation (1.8) are neglected
(see below).

A principally distinct situation takes place if the coefficients @ and ¢ for the
(?5+1L,d") state under study are not equal to each other:

@ £ A (6.6)

For such “non-Roothaan” states, the set of equations (5.8), (5.9) added by the rigid
VCCs symmetry restrictions of equation (1.8) is incompatible, despite the great dif-
ference in the number of unknowns and equations. For such states, the set of equa
tions (5.8)—«5.10) has only non-symmetric solutions of type (equation (1.9)).

Table 3 presents a general solution for equations (5.8)—(5.10) over the rea {d}
orbitals. The three types of solutions mentioned above, indicated by equations (1.8),
(1.9) and (6.4), are the particular cases of this general one. Let us make some necessary
comments on the data tabulated.

The general solution of equations (5.8), (5.9) contains 35 = 50 — 15 arbitrary
parameters. To present this solution in a practically convenient form, we put all
coefficients a,,,, equa to each other

amn = a, (67)

where a is some quantity to be determined. Besides, we constrained the b,,,,, coeffi-
cients by the additional “natural” restrictions

bmr = b07r’; b05 = boé’; b7r7r’ = b7r6 = bﬂé’;

b67r = b&r’; b6’7r = b5’7r’; b7r’7r = b7r’5 = b7r’6’- (68)
(Relations (6.8) follow in a natura way from equations (5.8), (5.9), as the unknowns
(bor and by), (bys and bys), ... , enter each of equations (5.8) and (5.9) with equal
coefficients.) Due to relations (6.7), (6.8), the necessary symmetry restrictions of
equations (5.11a,b) are satisfied automatically.



226 B.N. Plakhutin / Coupling coefficients “ symmetry dilemma”

Equations (6.7) and (6.8) give 24 and 8 additional relations, respectively, there-
fore the solution of the set of equations (5.8), (5.9), (6.7), (6.8) contains 3 arbitrary
parameters, denoted in table 3 as w, wg and .

As follows from table 3, matrix ||b,,,| isin general anon-symmetric one for all
the (3°t1L,d") states. In quantum chemical calculations one can use any numerical
values of the a and b,,, coefficients of table 3, according to the choice of arbitrary
parameters (see below).

The symmetric form of the matrix ||b,,,|| can be obtained only for the Roothaan
dV states discriminated by the condition ¢® = ¢®. Putting the arbitrary numbers
w = wo = R, one obtains

amn =9/ (50f2) + /10,
brnn = 6mnl3 — (1 — 8mn) (49¢9 / (50£2) + 43/10).

If one put further 3 = R = —7¢2 /(10£2), the coupling coefficients are obtained in
the standard Roothaan’s form of equation (6.4).

For the non-Roothaan states with @ £ ), the solution of equations (5.8), (5.9),
(5.11) cannot be derived in the symmetric form of equation (1.8) for any choice of arbi-
trary parameters. This principal conclusion immediately follows from equations (5.8),
(5.9) and is not caused by using any additional relations between unknowns.

Table 4 presents the results of non-empirical SCF calculations on transition-metal
atoms performed by two different ROHF methods, i.e., by the unified coupling operator
(UCO) method [1-5] and by the Roothaan-Bagus atomic “expansion method” [12].
The first column of table 4 presents our results [9,26] derived by the ROHF—UCO
method using the VCCs of tables 2 and 3.

(6.9)

Comments on the ROHF-UCO calculations

All calculations were performed by the MONSTERGAUSS program [39] mod-
ified in some points as described in [9]. In the first place, we have checked that the
results of the ROHF calculations do not depend on the arbitrariness in the choice of
the VCCs of table 3. It has been made by the variation of arbitrary numbers 3, w
and wpo.

Additional calculations were carried out for checking the restrictions of equa
tions (5.11a,b) that were not taken into account in [9]. For this purpose, we varied the
values of the VCCs entering equation (5.11) without changing the other VCCs. (In
the course of this variation, the additional relations (6.7) and (6.8) were lifted.)

For eliminating the VCCs phase dependence (see section 2.2), all calculations
were carried out over real {d} orbitals of the fixed representation. Degenerate open-
shell {d} orbitals were transformed at each iteration to the form of equation (5.6).

The data presented in table 4 can be summarized as follows:

1. The identity of the ROHF—UCO results for dv atoms derived with using dif-
ferent VCCs sets means the physical equivalency of all the solutions of equa
tions (5.8)—«5.10).
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Table 4
Energy of the first row transition atoms (in a.u.), calculated by two different ROHF methods
(Gaussian basis set (14s9p5d)/[8s4p2d] from [37]).

Atom, Unified SCF coupling Roothaan-Bagus
configuration, operator method [1-5] “expansion method” [12]
state? [9,26]° [11]¢ [37] [38]

S dt D —759.705047 —759.705047 —759.7050  —759.705048
Ti & °F —848.367900  (—848.349942) —848.3685  —848.367900
v & 4F —042.837196  (—942.817440) —942.8372  —942.837196

E(S =3/2) —942.817440¢ - - —942.817440
p —942.771401 - - —942.771402
G —942.770986 - - —942.770986
2H, %P —942.749087 - - —942.749088

2F —942.683500 - - -
c ot °D —1043.249620  —1043.249620 —1043.2497 —1043.249620
Mn d& °s —1149.787155  —1149.787155 —1149.7872 —1149.787155
Fe d&® °D —1262.350361  —1262.350361 —1262.3504 —1262.350360
Co d “F —1381.289383 (—1381.263774)  —1381.2895 —1381.289382
Ni & °F —1506.720591 (—1506.693632)  —1506.7206 —1506.720590
cu & 2D —1638.786455  —1638.786455 —1638.7867 —1638.786455
d%st  2s —1638.801243  —1638.801243 —1638.8015 —1638.801243

3By fat font we mark the “non-Roothaan” states, for which ¢@ = ¢ [25].

PCalculations performed using the VCCs from tables 2 and 3. For the Roothaan states,
both symmetric and non-symmetric VCCs were used corresponding to the different values
of arbitrary numbers 3, w and wo. Non-Roothaan states were calculated by the use of

non-symmetric VCCs only (symmetric VCCs do not exist).
“Calculations performed with symmetric VCCs, derived by Peterson for both the Roothaan

and non-Roothaan states (see [11, pp. 67-69]). Similar VCCs have been earlier derived
by Guest and Saunders [318].
dAverage energy of the d® states with S = 3/2 (see discussion in [9]).

2. Of prime importance is the equivaency of symmetric and non-symmetric VCCs
(in those cases where symmetric VCCs exist). The cause of such an equivalency
is discussed in section 7.

3. The non-Roothaan dV states discriminated by the condition @ # ¥, can be
calculated with non-symmetric VCCs only. This result explains the discrepancy
between the previoudy published data [11,37] (see table 4).

6.2. Basis of complex {d} orbitals

Essentialy distinct results are obtained if one uses the complex {d} orbitals

{¢m} ={do,dy1, d1,d12,d 5}. (6.10)

Recall that the difference between the VCCs over the real and complex {d} orbitals
arises due to the difference in corresponding coefficients p*) and ¢{¥) of equa-
tion (5.4) [25,35].
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Table 5
General structure of the matrix b, for the states of the configuration d™ over
the basis of complex {d} orhitals* (amn = a = 9 /(50f2) + 3/10).

0 +1 -1 +2 -2
0 Ié; R R R+ 3Q R+3Q
+1 4R -67 Ié; 2Q+8/24+ T R+2Q —R+4r
-1 4R—-6r 2Q+(/2+T 8 —R+4r R+2Q
+2 R+3Q R+ 2Q Q+p—2v 3 R+v
-2 R+4+3Q Q+p—2v R+ 2Q R+v Iéj

*R = 7(5¢? — 12¢¥) /(50£?) — 48/10,
Q = 7(—5¢? + 5¢9)/(501?),
and 3, 7 and v are the arbitrary numbers.

In the case of complex {d} orbitals, one can derive a solution for equations (5.8)
and (5.9) in symmetric form for all states for which the Slater—Condon representation
of a state energy (equation (5.1)) is valid. In contrast with the case of real {d} orbitals,
symmetric VCCs a,,,,, and b,,,,, derived from equation (5.9) over complex {d} orbitals,
do not satisfy equation (6.2) identically. Instead of the latter equation, one obtains two
equations (5.8), corresponding to k£ = 2 and k = 4, with non-equal left-hand sides.

Table 5 presents a general solution [26] for eguations (5.8), (5.9) over com-
plex {d} orbitals. (Recal that in this case equation (5.10) does not impose any
restrictions on the VCCs to be found.) In order to present this solution in a prac-
ticaly convenient form (with three arbitrary parameters as in table 3), we use the
same redtrictions on the a,,,, coefficients as above: a,,, = a (see equation (6.7)), and
corresponding “natural” relations between the b,,,, coefficients:

bo1 = bo,—1; bo2 = bo,—2. (6.11)

To exclude the remaining arbitrariness, the following additional relations are used:

b1o0="b_10; by—1=">b_11;
bi_o=b_19; by _1=b_21;

1,—2 12 2—1 21 (6.12)
by —2="b_2p; bio=b_1_2=0by1=0b_2_1;

boo=b_20 = bop.

Relations (6.12) reduce the number of unknowns, b,,,, and simultaneously reduce the
number of independent equations (5.9) to 8 [26]. The net result is that the solution
of equations (5.8), (5.9) added by the additional relations of equations (6.7), (6.11),
(6.12) has three arbitrary parameters denoted in table 5 as 3, 7 and v.

In line with the above discussion, in the ROHF calculations one can use any
numerical values of the a and b,,,, coefficients of table 5, according to the choice of
arbitrary parameters. If one chooses the latter as

T=R/2, v=(R+Q+p)2 (6.13)



B.N. Plakhutin / Coupling coefficients “ symmetry dilemma” 229

(see table 5), the VCCs are obtained in symmetric form for al non-multiple (non-
double) states of a configuration d*.

As in the previous case of real {d} orbitals, the specific Roothaan’s form of the
VCCs given by equation (6.4) can be derived for the states with ¢@ = ¢ if one put
further 8 = R = —7¢2 /(10f2).

7. Equivalency of auxiliary Fock operators

As pointed out in section 3, the expression for the Fock operator of equation (1.7)
with non-symmetric VCCs defines some “pseudo-Fock” operators that cannot be de-
rived straightforwardly from expression for energy. However, as follows from the
results of the ROHF calculations on the Roothaan dV states (see table 4), the use of
both the true and “pseudo-Fock” operators leads to the same ROHF results.

Such an equivalency of different Fock operators demonstrates a general character
of equations (5.8)—5.10) that define the VCCs and thus define the “ pseudo-Fock” op-
erators themselves. This equivalency also shows the rigid VCCs symmetry restrictions
of eguation (1.8) to be unnecessary.

However, the question of equivalency of the true and pseudo Fock operators
needs a more rigorous treatment. This section presents the proof of the following
statement:

The expression for the Fock operator (equation (1.7)), in which the coefficients
amn and by, are determined by eguations (5.8)—(5.10), defines a whole class of the
Fock-like operators equivaent from the viewpoint of the Euler and Hartree—Fock equa
tions. In other words, the basic ROHF variational equations (1.3), (2.4) expressed in
terms of both the true and pseudo Fock operators give the same optimum orbitals.

To simplify the following treatment, we designate the symmetric VCCs as A,
and B,,,. The above designations, a,,,, and b,,,, are used for non-symmetric VCCs
only. Both the VCCs sets, { Ayun, Bmn} and {amn, bn}, are supposed to be derived
from equations (5.8)—5.10) or, what is the same, from initial equations (4.5), (4.9),
(5.2).

In general, non-symmetric VCCs a,,,,, and b,,, cannot be symmetrized, i.e.,
thelr symmetric combinations, (., + anm)/2 and (b, + bnm)/2, do not represent
the solution of equations (5.8)—(5.10) (see, e.g., table 3). Because of this,

Using the two VCCs sets, { Ayun, Bmn} and {amn, bimnn}, One can construct the
two corresponding sets of the Fock operators by equation (1.7). The operators con-
structed with symmetric VCCs F,,,{ Ayun, Bmn}, @€ nothing but the true Fock operators
®,,, defined by equation (3.3)

Fo{Amn, Bmn} = Py (7.28)
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The “pseudo-Fock” operators, Fi{ amn, bmn}, constructed with non-symmetric VCCs
have no counterparts among the ®,,, operators. To distinguish the operators of the two
sets, the o { amn, bmn} Operators are designated as merely F,),:

In general, the operators @,, and £, corresponding to the same one-electron
orbital ®,,, are not equa to each other:

®, # Fp (m=1,2,...,dim~). (7.3)

In particular, if one uses the Roothaan’s VCCs of equation (6.4), all the ®,,, operators
are equal to each other, ®,, = ®q, and are totally symmetric. By contrast, the F,,
operators of equation (7.2b) are aways non-totally symmetric (see section 2.3) and are
not equal to each other.

We wish to prove that the two unified coupling operators of equation (2.6), R{ ®}
and R{ F'}, constructed by using the two above sets of Fock operators (equations (7.2),
(7.3)) are identical, i.e.,

R{®} = R{F}. (7.4)

(By writing identity (7.4) one assumes that the set of trial orbitals, {¢;}, used for con-
structing the @,,, and F;,, operators is the same in both cases.) Here we do not consider
the closed-shell Fock operator F,. of egquation (2.27a) as the latter is independent of
the state VCCs.

Taking into account the structure of the R operator matrix (see table 1), the
proof of equation (7.4) reduces to the proof of identity of the diagona elements in
corresponding matrix blocks:

<m|R{CD}‘m>E<m|R{F}‘m>, (7.5)
{((M + m)|R{®}|m) = ((M + m)|R{ F} |m). (7.6)

(Diagonal elements of type (M + m)|R{ F'}|(M + m)) defined over virtual orbitals
vanish; see equation (2.6).)
Due to expressions (4.3) and (4.4), equation (7.5) takes the form

Since both symmetric { A1, Bmn} and non-symmetric { a,y,, bmn} VCCs satisfy equar
tions (5.2) and (4.5), the left- and right-hand sides of equation (7.7) do not depend on
the index m and are equa to the same quantity

> M s FE(d, d)/ (> dim-) (7.8)
k

and therefore are equal to each other. The proof of equation (7.6) can be derived in a
similar way if one takes into account equations (4.9), (4.13) and (4.14).
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Thus, two unified coupling operators, R{®} and R{ F'}, appear to be identica to
each other despite the auxiliary Fock operators, ®,,, and F,,,, are essentially distinct. It
is this result that has been found in the ROHF-UCO calculations [9,10,13] on different
vV systems.

According to [2,3], the occupied orbitals { ¢;} found by solving the Hartree—Fock
equation (2.4) represent the solution of the Euler equations (1.3) as well. Taking into
account the identity of the operators R{®} and R{ F'}, one concludes that in the self-
consistent limit (R;; = 6;5¢;) both sets of the Fock operators, { ®,,,} and { F},,}, satisfy
the Euler equations (1.3a,b) with the same set of {¢;} orbitals.

Concluding remarks

The above equivalency of the true Fock and “pseudo-Fock” operators has the
apparent origin. Although the two operators, ®,,, and F,,, corresponding to the same
one-electron orbital ¢, are not equa to each other, their matrices, || ®,,|| and || F,.||,
have one identical row and column with the number “m”, i.e,

where the index j runs over al one-electron orbitals (both occupied and virtual). This
result immediately follows from the above derivation of equations (4.5) and (4.9).

In other words, if the open-shell Fock operator is defined by equation (1.7), in
which the coefficients a,,,, and b,,,, are defined by equations (5.8)—5.10), the matrix
elements of equation (7.9) are the only ones that are defined unambiguoudy. All other
matrix elements depend on the choice of the VCCs (e.g., sSymmetric or non-symmetric),
i.e., are defined in an ambiguous manner.

Such a non-uniqueness of the Fock operator matrix is dictated actualy by vari-
ational equations. The Fock operator F), is defined by how it operates on the given
orbital ¢,,, so the elements of equation (7.9) are the only ones necessary for solving
the Euler equation (1.3) or for constructing the matrix of one-electron Hamiltonian R
by equation (2.6). All other matrix elements are immaterial.

8.  Summary

The present study was initiated by the works [11,16,17] where it was shown
that the existing ROHF theory cannot be directly applied to some open-shell states of
highly symmetric systems, such as fullerenes with electronic configurations g" and
h", and d" atoms. To eiminate this limitation of the theory, we have reanaysed the
symmetry restrictions to which the vV state VCCS, a,,,, and b,,,,, must satisfy in a
genera case (y =p,d,... for atoms, and v = e,t, g, h for non-linear molecules).

The final expressions for determining the VCCs are given by equations (5.8)—
(5.10). The most important result following from these equations is that some v states
can be calculated with non-symmetric VCCs only. A testing of the theory developed
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in an appropriate sample of d" atoms showed it does overcome the limitation [11]
under study (see table 4).

However, the new VCCs symmetry restrictions of equations (5.9), (5.10) come
into conflict with the known ones of equation (1.8) which are more rigid. The main
problem is that the Fock operators of equation (1.7) constructed with non-symmetric
V CCs cannot be derived straightforwardly from the energy functional of equation (1.5)
(for details, see section 3).

We have shown that in contrast to the Fock operators, the total one-electron
Hamiltonian R of equation (2.4) is independent of the VCCs symmetry. In particular,
for those v states for which both symmetric and non-symmetric VCCs exist, the use
of either VCCs set leads to the same operator R, i.e., gives the same Hartree-Fock
orbitals. The latter proves the validity of the approach developed.

An extension of this approach to molecular vV systems is given in [26]. In the
next article [34] we present the VCCs values for open-shell fullerenes of icosahedral
symmetry discussed in [16,17] along with the results of corresponding non-empirical
calculations.

However, not all the questions are answered in our approach regarding the VCCs
asymmetry. The Fock operators with non-symmetric VCCs are introduced in the form
of a postulate and this is why we call the problem under study the VCCs symmetry
dilemma.
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